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Abstract

In this paper we study distributed agent matching with search friction in environments

characterized by costly exploration, where each agent’s utility from forming a part-

nership is influenced by some linear combination of the maximum and the minimum

among the two agents’ competence. The paper provides a cohesive analysis for such

case, proving the equilibrium structure for the different min-max linear combinations

that may be used. The paper presents an extensive equilibrium analysis of such set-

tings, proving three distinct resulting patterns of the acceptance thresholds used by the

different agents. The first relates to settings where a greater emphasis is placed on the

minimum type, or in the extreme case where the minimum type solely determines the

output. In these cases, the assortative matching characteristic, holds, where all agents

set their threshold below their own type and the greater is the agent type the greater is

its threshold. When the utility from the partnership formation is solely determined by

the maximum type, we show that there exists a type x∗ where partnerships form if and

only if one of the agents has a type equal or greater than x∗. When a greater emphasis

is placed on the maximum type (but not only), we prove that assortative matching never

holds, and the change in the agents’ acceptance thresholds can frequently shift from an
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increase to a decrease.
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1. Introduction

Distributed matching with search frictions (or “distributed matching” for short), is

an important and highly applicable model of agents searching for partners in multi-

agent systems. It is used in settings where no central information source can supply

instant reliable information on the environment and on partnering opportunities within.

In such settings, standard stable matching mechanisms [16, 2] cannot be applied.

The goal of each agent participating in the distributed matching process is to form

a beneficial pairwise partnership [3, 13, 5, 27, 26]. Each agent is associated with a spe-

cific type that captures its properties (e.g., competence, wealth). During each stage of

the process, agents randomly interact pairwise and learn each other’s type. The process

of initiating and maintaining an interaction is associated with a cost, termed search

cost, incurred by both agents. In order for a partnership to be formed, it needs to be

accepted by both agents. The agents thus need to consider, when deciding whether to

commit to a given partnership, the tradeoff between the potential benefits from con-

tinuing the exploration, possibly forming a better partnership in the future, versus the

costs associated with this exploration.

During the past two decades, there has been a substantial progress in the analysis of

distributed matching models (see [38] for a survey). Works in this area typically differ

in the assumption that they make about the utility that agents obtain from a partnership.

The choice of the utility function affects the structure of the acceptance thresholds used

by the different agents. For example, if the utility depends exclusively on the other

agent’s type the equilibrium can be characterized as a “perfect segregation”, i.e., the

agents form clusters, based on their type, in which every agent in a cluster is always

willing to form a partnership with any other agent in the cluster [6, 8, 26]. For most
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common functions where the utility depends on both agent types, the resulting equi-

librium can be characterized as “assortative matching”, i.e., the acceptance thresholds

used, increase in the agent’s type [36, 22].

In this paper, we consider a different utility function for a match; one that is based

on the minimum and maximum of the two types. This function is highly applicable to

situations where the performance of the partnership formed depends mostly on its most

or least competent member. For example, consider a group of students that need to form

pairwise partnerships for the purpose of working on a course project. In this case, the

grade that any team receives highly depends on the capabilities of the more competent

student among the two. Alternatively, consider tennis players that seek partners when

playing doubles. Here the players are rewarded exclusively based on the team’s (rather

than the individual’s) performance. The performance of the team in this case will be

primarily affected by the least competent player, as the other team will try to gain game

points primarily by aiming the ball in his direction. Interestingly, in many cases the use

of the new reward function leads to equilibrium matching structures that are different

than those resulting from the traditional reward functions in distributed matching.

The paper presents an extensive analysis of the model with the new min-max utility

function. We show that for the case where the utility function relies exclusively on the

maximum type among the two, the equilibrium is characterized by a single threshold,

where all agents of types greater than or equal to the threshold accept any agent, and all

agents of types smaller than the threshold accept only agents of types greater than the

threshold. For the case where the utility function relies exclusively on the minimum

type, we show that the equilibrium is characterized by assortative matching. When the

utility is a function of both the minimum and maximum, we manage to distinguish be-

tween three equilibrium patterns. Namely, when the minimum type has greater input

on the agents outcome the equilibrium has a form of assortative matching. When the

minimum and maximum types have equal impact, the equilibrium has a form of perfect

segregation. When the maximum type has greater impact we observe an interesting pat-

tern which we term ’bumpy steps’ where the acceptance threshold as a function of the

agent type increases and decreases alternately. We further show that, in equilibrium,

an agent that sets its threshold below its own type is necessarily accepted by all agents
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with types between that threshold and the agent’s type. These results facilitate the cal-

culation of the agents’ equilibrium strategies in discrete settings, as they enable the use

of standard dynamic programming techniques for calculating each type’s equilibrium

strategy based on the strategies of higher types.

One important use of the new utility function is for mechanism design. We con-

clude this paper with an example in which this min-max utility function may be used to

increase a designer’s utility. As an example, we analyze a situation in which a profes-

sor requires her students to complete some task in pairs and would like to increase the

students’ learning rate (defined as the distance between the two students’ types). We

show that by applying a maximum function to determine the grades of her students the

professor can achieve a much higher learning rate than by using other functions.

2. Related Work

Distributed matching is a sub-domain of coalition formation. While coalition for-

mation models usually consider general coalition-sizes [41], the partnership formation

model (often referred as matchmaking) considers environments where agents have a

benefit only when forming a partnership and this benefit cannot be improved by ex-

tending the partnership to more than two agents [19, 40] (e.g., in the case of buyers and

sellers or peer-to-peer applications). Various centralized matching mechanisms can be

found in the literature [14, 4, 16]. Such mechanisms are indeed in use in some environ-

ments, such as the National Resident Matching Program (NRMP), which matches med-

ical school students with residency programs [29, 30, 31, 42] and similarly, The ASHP

Resident Matching Program which does so with pharmacists. However, in many multi-

agent system environments, in the absence of any reliable central matching mechanism,

the matching process is completely distributed.

The core analysis of distributed matching models relies on understanding the search

strategy of each individual. These have emerged primarily from one-sided search mod-

els [21, 11, 24]. These models have developed to a point where their total contribution

is referred to as “search theory”. Over the years, many one-sided search model variants

have been considered, differing in the decision horizon (finite versus infinite) [21], the
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presence of the recall option [24], the distribution of values, the assumptions made on

the search costs [17], the certainty of findings [1, 12] and the extent to which findings

remain valid along the search [20]. The model was even extended to the case of co-

operative search, where the search is carried out for the benefit of a group of agents

[23, 35] or when the agents are fully self-interested [28]. Within the framework of

one-sided search theory, two main clusters of search models can be found: (a) the se-

quential search model, which is the primary model also in distributed matching, and (b)

the fixed sample size model (also known as “parallel” model). In the sequential search

model [32, 21], the searcher obtains a single value at a time, allowing multiple search

stages. In the fixed sample size model, the searcher obtains a large set of values in a

single search round [18, 39] and then chooses the best value from those obtained. An-

other well-known one-sided search problem, which is also a stopping problem, is the

“Secretary Problem” [15]. In this problem a searcher observes candidates sequentially,

and must decide when to end the search and hire the last candidate. However, there

are additional substantial differences between that model and ours. These relate to the

underlying search problem. In the secretary problem the searcher becomes acquainted

with a candidate’s relative ranking compared to those already interviewed whereas in

our case the searcher obtains an actual (absolute) value (e.g., utility or profit). Also, in

the secretary problem there are no search costs, hence the goal is typically to maximize

the probability of stopping with the best candidate (or to minimize the expected rank),

whereas in our case the goal is to maximize the process as a whole, taking the search

costs into account.

In an effort to understand the effect of dual search activities in costly environments,

distributed matching search models have been developed [3, 7, 33]. These search mod-

els are distinguished according to several assumptions they make. The first is the payoff

utility each agent obtains from each partnership. While some of these models assume

that the utility is exclusively a function of the other agent’s type [26, 6], others assume

a function defined over both types [36]. See Table 1 for a list of works and the utility

functions which they have considered.

The second is the way according to which the search friction (cost) is modeled.

This can be either the discounting of future flow of gains [6] or additive explicit search
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Paper Utility function
[6, 5, 26] ux(x, y) = y, uy(x, y) = x

ux(x, y) = α1(x) + α2(y)
[8] uy(x, y) = α3(x) + α4(y)

where α1...4 are monotone strictly increasing functions
[36] Describe sufficient conditions on the utility function

to form assortative matching and discuss other utility functions
[22] Product functions, such as: ux(x, y) = xẏ

This paper ux(x, y) = uy(x, y) = αmin{x, y}+ (1− α) max{x, y}

Table 1: List of related work and the utility functions which they have considered. ux(·) denotes the utility
of the first agent, and uy(·) of the second (these utilities must equalize in a single population environment).

costs [26, 8, 3]. Another distinction made in the models is whether partnerships can

form only between two different populations (e.g. men and woman) [8], or a single

population (e.g. students) [10]. Lastly, the models are distinguished by the nature of

the utility earned by each of the agents (transferable [3] and non-transferable [6, 8]).

Our model assumes non-transferable utilities, explicit search costs and a payoff that

combines the minimum and maximum type in a pre-defined manner. To the best of our

knowledge, such a model has not been investigated to date.

For most distributed matching models, it has been shown that, in equilibrium, the

optimal strategy for agents is a reservation value strategy [7, 34, 37, 25, 8, 26]. In

particular, it has been shown that with no costs of search nor discounting of gains the

unique equilibrium strategy is perfect assortative matching, which means that every

agent accepts only its own type and above, implying that partnerships are formed only

between agents with the exact same type [3, 8, 26].1 When search is costly and/or

discounting of gains is applied, matching is no longer perfect assortative, as agents will

inevitably widen the set of mates they accept. In this case, when utility is determined

solely by the type of the other agent, it was shown that the equilibrium structure is of

a “block segregation”-like structure: an interval of “highest” individuals match only

with each other, the next highest match only with each other, and so on. This has been

shown both for the case with explicit search costs [8], with discounting of gains [37]

1This can also be seen as an extension of Becker’s classic result for the transferable utility matching
market with no complementaries in production (supermodularity of the joint production function) [4].
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and for a combination of the two [25].

3. The Model

The model used in this paper is a standard distributed matching model, and all

assumptions given in this section are common in the distributed matching literature

[8, 6, 26, 36, 22]. The differentiating element is the utility function used in this paper,

which we assume to be a function of the minimum and maximum among the interacting

types.

We consider an environment populated by an infinitely many self-interested, fully

rational agents. Each agent is associated with a type x, which is a real number in the

interval [0, 1]. The distribution of types in the environment is defined by a p.d.f. f(x)

(where 0 ≤ f(x) <∞ for any x), and a c.d.f. F (x) (where F (1) = 1). Each agent can

form a partnership with any other agent in the environment. The utility that an agent of

type x obtains from forming a partnership with agent of type y is u(x, y). This function

is continuous and monotonic non-decreasing in x and y. In this work we focus on the

case where the utility is of the form:

u(x, y) = u(y, x) = αmin{x, y}+ (1− α) max{x, y}, (1)

for some α ∈ [0, 1].

The agents are assumed to be acquainted with the type distribution function f(x).

However, they cannot tell a-priori what is the type of any specific agent in their envi-

ronment. The only way by which an agent can learn the type of another agent is by

interacting with it. Since neither agent has prior information concerning the type of

any specific other agent, it initiates interactions with other agents randomly.

After two agents interact and learn each other’s type, each of them needs to decide

whether to accept or reject a partnership with the other agent. If a dual acceptance is

reached, the partnership is formed. Otherwise, both agents resume their search. The

model assumes that the agents are satisfied with having a single partner. Thus, once

a partnership is formed the two agents forming it terminate their search process and
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leave the environment and are replaced with two new agents of the same types. In

other words, the size and the composition of the market are exogenously given.

The search activity/interaction is assumed to be costly. Each search stage incurs

a cost c to each of the agents. We assume utilities and costs are additive and that the

agents try to maximize their overall utility, defined as the utility obtained from the

partnership minus the search costs accumulated along the search process.

Naturally the attempt to analyze day-to-day applications using “search theory”

techniques brings up the applicability question. Justification and legitimacy consid-

erations for the different assumptions of the “standard” model are widely discussed in

the wide literature we refer to. The current paper is not focused on re-arguing applica-

bility, but rather on the analysis of the core two-sided search model with the new (and

in many cases more applicable) reward functions.

3.1. Notation

We use sζ to denote a strategy of agent ζ. Given all previous interactions of agent

ζ, the agent which ζ is interacting with and its type, the strategy, S determines whether

ζ is willing to commit to a partnership or not.

We use S to denote a strategy profile, that is, a set of strategies - one for each

agent. We frequently call a strategy profile simply a strategy. Given S−ζ - a set of

strategies of all agents except ζ - strategy sζ of ζ is called best-response (or optimal), if

no other strategy s′ζ gives a strictly higher expected outcome to ζ. A strategy S is said

to be in equilibrium if all agents follow their best response. We assume that an agent

that is indifferent between accepting a partnership and resuming the search, accepts

the partnership. We make this assumption to avoid the trivial equilibrium in which all

agents reject all others. Since the distribution over the types remains identical between

rounds and there is no limit over the decision horizon, agents best response, and hence

equilibrium, strategies do not depend on previous rounds or on the type of interactions

experienced in previous rounds (nor their outcomes). In fact, in equilibrium, agents’

strategies differ only based on their type, since all agents of the same type have the

same utility from a partnership with any other given type, their decision to terminate

search and partner with the current potential partner is identical.
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We use φ(x, S) to denote the expected utility from the search of an agent of type

x assuming all agents adhere to their associated strategy in S. Once again, due to the

memory-less nature of the problem, φ(x, S) equals the expected utility of the agent

after rejecting a partner (or being rejected by it) and resuming the search (note that

search costs incurred up to that point are “sunk costs” and do not influence further

decisions).

We define a(x, S) = min{y|φ(x, S) ≤ u(x, y)} as the minimum type for which

the utility from accepting it by agent of type x is greater or equal to the expected utility

of the agent if resuming the search. For exposition purposes, we occasionally omit S

from the above notation whenever it represents a set S, which is in equilibrium. We

later show that in equilibrium each agent of type x accepts all and only agents with

types greater than or equal to a(x).

Occasionally, we will use Φ(x, S, t) to denote the expected utility of an agent of

type x when using a strategy according to which it accepts other agents only if their

type is above t (this might not be optimal) and all other agents adhere to their strategy

in S. We will use a(x) (rather than a(x)) as a strategy for an agent of type x to indicate

that the agent accepts all and only agents in [a(x), 1]; note that this might not be an

optimal strategy for the agent (and therefore not in equilibrium).

We use A(x, S) to denote the set of agent types that accept a match with an agent

of type x, when following the strategies in S. We denote A(x) such that A(x, S) =

{y | y ∈ A(x, S) ∧ y > x}.

We use M(x, S) to denote the set of types with which an agent of type x can end

up forming a partnership with, when following strategies in S, that is, M(x, S) = {y |

y ∈ A(x, S)∧x ∈ A(y, S)}. We call this set the “matching set” of x. M(x, S) denotes

the set of all types above x which are in the matching set of x, i.e. M(x, S) = {y | y ∈

M(x, S) ∧ y > x}, and M(x, S) denotes the set of all types below x which are in the

matching set of x, i.e. M(x, S) = {y | y ∈M(x, S) ∧ y < x}.
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4. Individual Strategies and Expected Utility

We begin with the analysis of individual expected-utility-maximizing strategies.

All claims of this section are not limited to the min-max utility function, but hold

for any case of strictly monotone and symmetric u, i.e., any u in which u(y, x) =

u(x, y) < u(x + ε1, y + ε2) for any ε1 > 0, ε2 > 0. Proposition 1 establishes that the

expected-utility-maximizing strategies are reservation-value (i.e., threshold) based and

that the threshold for an agent of type x is exactly a(x). Our assumption that an agent

that is indifferent between accepting and rejecting a partner must accept, entails that, in

equilibrium, all agents follow the threshold based strategy described in Proposition 1.

Proposition 2 shows that the expected utility of any individual agent when using such

a strategy equals the reservation-value used.

Proposition 1. Given a strategy profile S (not necessarily in equilibrium), an agent of

type x accepting all and only agents of types in [a(x, S), 1] will maximize its expected

utility.

Proof. Assume that agent of type x uses an optimal strategy s, which indicates which

partners to accept/reject. On iteration i of the search, if the partner rejects forming

a partnership, then no partnership will be formed, and therefore the expected utility

of the agent does not depend on the agent’s strategy. Assuming the partner accepts

the partnership: if the agent interacts with a partner of type x′ < a(x, S), the agent

may reject it (regardless of s) since in the next iteration the agent may resume using s

as its strategy2, and therefore gains φ(x, S) which, due to the monotonicity of u and

definition of a(x, S), is greater than u(x, x′). If the agent interacts with a partner of

type x′ ≥ a(x, S), the agent may accept it (regardless of s); the agent does not lose out

by doing so, due to the monotonicity of u and definition of a(x, S), u(x, x′) ≥ φ(x, S).

This is true for any iteration i, therefore the agent can always reject agents with a

type less than a(x, S) and accept agents with a type greater than or equal to a(x, S).

2Once giving up on the current value, the agent faces the exact same problem as in the beginning, hence
the expected benefit on-wards is φ(x, S).
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Proposition 2. Given a strategy profile S, and assuming an agent follows its optimal

strategy, if a(x, S) > 0 then φ(x, S) = u(x, a(x, S)).

Proof. a(x, S) > 0 therefore φ(x, S) > u(x, 0). Since u is monotone, φ(x, S) ≤

u(x, 1). According to the intermediate value theorem, there exists a type y where

φ(x, S) = u(x, y). From the definition of a(x, S) we obtain that a(x, S) ≤ y. Assume

by contradiction that a(x, S) = y′ < y; due to the monotonicity of u, u(x, y′) <

u(x, y) = φ(x, S), however, from Proposition 1, agent of type x accepts partnership

with agent of type y′, but, agent with type x, is better off rejecting partnership with an

agent with type y′ and resume the search in which the expected utility is φ(x, S).

Now that we have established the use of the reservation-value based strategies by

all agents and the indifference property of the reservation value, we can prove that an

agent that sets its threshold below its own type is necessarily accepted by all agents

with types between that threshold and the agent’s type. Based on this theorem we will

later propose an algorithm that, in a discrete case, finds the acceptance threshold for all

agent types. Before proving the main theorem, we first prove two lemmas that simplify

the proof of the theorem.

The following lemma establishes that, in equilibrium, the higher the agent type, the

larger the set of agent types that accept it as a partner:

Lemma 1. Given strategy profile S in equilibrium, for any x and x′ < x, A(x′, S) ⊂

A(x, S).

Proof. Given x̃ ∈ A(x′, S) (i.e. an agent with type x̃ accepts x′ as a partner) accord-

ing to Proposition 1 a(x̃, S) ≤ x′. Therefore a(x̃, S) ≤ x and again according to

Proposition 1 x̃ ∈ A(x, S).

The following lemma establishes that, in equilibrium, the higher the agent type, the

higher its expected utility:

Lemma 2. Given a strategy profile S in equilibrium, for any x and x′ < x, φ(x′, S) ≤

φ(x, S).
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Proof. From Lemma 1 A(x′, S) ⊂ A(x, S), therefore x can guarantee M(x, S) =

M(x′) by rejecting any agent not in M(x′, S). Now, for every x̃ ∈ M(x′) by the

monotonicity of u, u(x′, x̃) ≤ u(x, x̃), therefore, φ(x′, S) ≤ φ(x, S).

At this point, we have everything needed in order to prove Theorem 1.

Theorem 1. Given a strategy profile S in equilibrium, for any x and x′ < x, if

a(x, S) ≤ x′ then a(x′, S) ≤ x.

Proof. If a(x, S) > 0, by Proposition 2 we get that φ(x, S) = u(a(x), x). However,

if a(x, S) = 0 we know that φ(x, S) ≤ u(0, x), otherwise (i.e. φ(x, S) > u(0, x)) the

agent would reject the partnership and continue its search. Therefore:

φ(x, S) ≤ u(a(x, S), x).

For a contradiction assume that x < a(x′, S). Since x < a(x′, S) and a(x, S) ≤

x′, and due to the strictly monotonicity and symmetry of u:

u(a(x), x) < u(x′, a(x′, S)).

x < a(x′, S) entails that 0 < a(x′, S), therefore by Proposition 2 we get:

u(x′, a(x′, S)) = φ(x′, S),

resulting in:

φ(x, S) < φ(x′, S),

which contradicts Lemma 2.

From Theorem 1 we conclude that, in equilibrium, it is guaranteed that all agents

of lower types that an agent accepts will accept it as well. Therefore, in equilibrium,

the acceptance threshold of each agent does not depend on the acceptance threshold of

agents of types lower than its own. This entails that, in equilibrium, M(x) = [a(x), x),

which facilitates the analysis given in the following sections.
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5. Minimum as the Utility Function

We begin by analyzing the equilibrium in settings where α = 1, that is, the utility

from forming a partnership between any two agents is the minimum value among the

two: u(x, y) = min{x, y}.

Clearly, when the utility is the minimum, each agent accepts all other agents of type

equal to or greater than its own, since its utility is anyhow bounded by its own type.

In-fact, an agent of type x accepts any other agent of type at least x−c (since resuming

the search incurs a cost c).

An immediate corollary resulting from Theorem 1 and Proposition 1 is that, in

equilibrium, if a(x) < x (i.e. an agent sets its reservation value beneath its own type)

then the matching set, M(x, S), according to Proposition 1 equals A(x) ∩ [a(x, S), 1]

which in turn according to Theorem 1 equals [a(x, S), x]∪A(x, S). Therefore, when all

other agents are assumed to be using strategies which are in equilibrium, when finding

the threshold which maximizes the expected utility for agent of type x, it is sufficient

to assume that M(x, S) = [a(x, S), x]. Given a strategy profile S, in equilibrium, the

expected payoff for an agent of type x from the search, when using a threshold t, (and

α = 0, i.e. u(x, y) = min{x, y}) is given by:

Φ(x, t, S) =− c+

∫
M (x,S)

yf(y)dy +

∫
M (x,S)

xf(y)dy+

Φ(x, t)
(
1−

∫
M(x,S)

f(y)dy
)
.

(2)

Where the first integrand is for a case where the agent forms a partnership with a

partner of a lesser type (than its own), the second is for the case where the agent forms

a partnership with a partner with a greater type than its own and the third is for the case

where the agent does not form a partnership and resumes the exploration.

From Equation 2 and Theorem 1 we obtain, that the agent will set its threshold

which maximizes:

a(x, S) = arg max
t

−c+
∫ x
y=t

yf(y)dy +
∫
M (x,S)

xf(y)dy∫
M(x,S)

f(y)dy
. (3)
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Figure 1: a(x) for u(x, y) = min{x, y}

In section 7 we prove that in the minimum case (i.e. when α = 1) the acceptance

pattern is of the form of assortative matching, i.e., each agent type has a different

threshold and the higher the type the higher the threshold. Assortative matching is

common in distributed matching and occurs with many utility functions.

Figure 1 demonstrates the strategies used in equilibrium for the cases in which the

utility function is the minimum of the two agent types, f(x) is the uniform distribution

and the search cost is 0.02, 0.005 or 0.001. The figure, as all other figures in this paper,

was generated using a discrete evaluation process, as described in section 8. As can be

seen in the figure, the equilibrium line is monotone increasing, that is, the higher the

agent’s type the higher the threshold. The figure also demonstrates that all agents set

their threshold beneath their own type since the equilibrium line is always under the

diagonal line. The distance between the two lines becomes larger as c increases.

6. Maximum as the Utility Function

We now consider the equilibrium in an environment where α = 0; that is, the utility

from forming a partnership between any two agents is the maximum value among the

two, u(x, y) = max{x, y}. Similar to when the utility function is the minimum, the
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optimal threshold of an agent of type x is given by:

a(x, S) = arg max
t

−c+
∫ x
y=t

xf(y)dy +
∫
M (x,S)

yf(y)dy∫
M(x,S)

f(y)dy
. (4)

We prove that in the equilibrium solution in this case there exists a threshold x∗

such that all types greater than x∗ accept all types, and all types below or equal to x∗

accept only agents of types greater than x∗.

Clearly, an agent of type 1 will receive a utility 1 from any partnership, therefore it

will accept any partner (a(1) = 0). Let x∗ = inf{x|a(x) = 0} (i.e., the agent with the

lowest type that accepts all other agents).

Theorem 2. For α = 0 (i.e., u(x, y) = max{x, y}), the following step function reflects

a strategy profile that is in equilibrium:

a(x) =

0 if x∗ ≤ x

x∗ otherwise.
(5)

Proof. The expected utility of an agent of type x not setting its threshold at 0, must be

greater than x (otherwise it would have accepted forming a partnership with agents of

type 0). Therefore, by Proposition 2, it rejects any other agent with a type smaller than

or even equal to x (which would give it a utility of x as well). This entails that partner-

ships can only be formed between agents which at least one of them has a threshold of

0.

Assume that a(x) > x. Since no partnerships form between agents which both set

their threshold above 0, any x′ ≤ x could set its threshold at a(x) and yield an expected

utility identical to φ(x), which is optimal according to Proposition 2 and is higher than

what it would have obtained had it set its threshold to 0. This proves the first part of

the step function, (i.e., agents of type x∗ or greater set their threshold at 0).

We now prove that agents with type x < x∗ (where x∗ satisfies the definition

above) set their acceptance threshold at exactly x∗. By definition, an agent of type

x < x∗ rejects partnerships with agents of type 0, therefore, no partnerships are formed

between agents with types less than x∗. Consider x < x∗. Let tx be the acceptance
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threshold of agents of type x. Agents of type≥ x∗ accept x. So, by Theorem 1, tx ≤ y

for all y ≥ x∗. Hence tx ≤ x∗. Suppose tx < x∗. However, since we know that no

partnerships are formed between agents with types smaller than x∗, setting tx to x∗ will

not modify the resulting partnerships, nor the expected utility of any agent. Therefore,

for every x < x∗, φ(x) = u(x, x∗) = x∗, and thus a(x) = x∗.

Note that this structure has a very interesting property, namely, partnerships are

formed if and only if one side has a value greater than or equal to x∗.

Based on Proposition 2 the expected utility of agents of types smaller than x∗ equals

the utility of forming a partnership with an agent of type x∗, which equals x∗. Using

this equilibrium structure (as S), Equation 4 obtains:

Φ(x < x∗, x∗, S) =
−c+

∫ 1

x∗
yf(y)dy∫ 1

x∗
f(y)dy

= x∗, (6)

which, after some mathematical manipulations, becomes:

c =

∫ 1

x∗
(y − x∗)f(y)dy. (7)

Clearly, the higher the search cost is, the lower x∗ is and, similarly, limc→0 x
∗ = 1.

Figure 2 depicts the strategies used in equilibrium for the case in which the utility

function is the maximum of the two types, f(x) is the uniform distribution and the

search cost is 0.02, 0.005 or 0.001. As can be seen in the figure, when c = 0.02, all

agents with types x > 0.8 accept any other agents, while the agents with the lower

types (x ≤ 0.8) accept only agents with types greater than 0.8.

7. Mixed Maximum-Minimum as the Utility Function

We now turn to analyze the equilibrium in the more general case, in which the

utility from the partnership is given by: u(x, y) = αmin{x, y} + (1 − α) max{x, y}

with 0 < α ≤ 1.

The maximization problem of an agent of type x in this case is:
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Figure 2: a(x) for u(x, y) = max{x, y}

arg max
t

(
− c+ α

( ∫ x

y=t

yf(y)dy + (

∫
M (x,S

f(y)dy · x)
)

+ (1− α)
(
(

∫
M (x,S)

f(y)dy) · x+

∫
M (x,S)

yf(y)dy
))
·

1∫
M(x,S)

f(y)dy
. (8)

We now turn to prove a key theorem which, along with its corollaries, allows us to

determine the equilibrium in this mixed case.

The following theorem states that, given a strategy profile S in equilibrium, when

0 < α < 0.5 (more weight is given to the maximum), if two agents are accepted by

the same group, then the agent of the lower type will set its threshold above the one

used by the higher type. The opposite happens when α > 0.5 (more weight to the

minimum). When α = 0.5 the two agents will set the same threshold.

Theorem 3. Given a strategy profile S in equilibrium, for any x, x′, such that x′ < x,

A(x, S) = A(x′, S) and 0 < a(x, S) ≤ x′:

• If 0 < α < 0.5 then a(x, S) < a(x′, S).

• If 0.5 < α ≤ 1 then a(x, S) > a(x′, S).
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• If 0.5 = α then a(x, S) = a(x′, S).

Proof. Consider the case where 0 < α < 0.5.

Since 0 < a(x, S) then (from Proposition 2):

φ(x, S) = u(x, a(x)), (9)

which, given a(x, S) < x, implies:

φ(x, S) = α · a(x) + (1−α) · x = α · a(x) + (1−α) · x′ + (1−α) · (x− x′). (10)

On the other hand, calculating φ(x) explicitly, obtains:

φ(x, S) =
(
− c+

∫ x′

a(x)
(αy + (1− α)x)f(y)dy+∫ x

x′
(αy + (1− α)x)f(y)dy +

∫
A(x,S)

(αx+ (1− α)y)f(y)dy
)
·

1∫
M(x,S)

f(y)dy
. (11)

Recall that A(x) = A(x′), therefore, if an agent of type x′ sets its threshold at a(x, S),

both agents will have the same matching set (implying that a(x′, S) = [a(x), x′)),

therefore:

Φ(x′, a(x), S) =
(
− c+

∫ x′

a(x)
(αy + (1− α)x′)f(y)dy+∫ x

x′
(αx′ + (1− α)y)f(y)dy +

∫
A(x,S)

(αx′ + (1− α)y)f(y)dy
)
·

1∫
M(x,S)

f(y)dy
. (12)

Subtracting Equation 12 from Equation 11 obtains:
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φ(x, S)− Φ(x′, a(x), S) =
(∫ x′

a(x)
f(y)dy · (1− α)(x− x′)

+

∫ x

x′
(αy + (1− α)x)f(y)dy −

∫ x

x′
(αx′ + (1− α)y)f(y)dy+∫

A(x,S)

f(y)dyα(x− x′)
)
· ( 1∫

M(x,S)
f(y)dy

). (13)

Denote:

η =
(∫ x′

a(x)
f(y)dy · (1− α)(x− x′)+∫ x

x′
(((1− α)x− αx′)− (1− 2α)y)f(y)dy+∫

A(x,S)

f(y)dyα(x− x′)
)
· 1∫

M(x,S)
f(y)dy

.

From Equation 13 we obtain:

Φ(x′, a(x), S) = φ(x, S)− η. (14)

Replacing φ(x, S) with α · a(x) + (1− α) · x′ + (1− α) · (x− x′) (Equation 10)

obtains:

Φ(x′, a(x), S) = α · a(x) + (1− α) · x′ + (1− α) · (x− x′)− η. (15)

We now show that η is smaller than (1− α) · (x− x′).

α < 0.5 implies that 1− 2α > 0, therefore:

∫ x

x′
(((1− α)x− αx′)− (1− 2α)y)f(y)dy <∫ x

x′
(((1− α)x− αx′)− (1− 2α)x′)f(y)dy =

∫ x

x′
f(y)dy(1− α)(x− x′). (16)

Clearly:

∫
A(x,S)

f(y)dyα(x− x′) <
∫
A(x,S)

f(y)dy(1− α)(x− x′). (17)

19



Since M(x, S) = [a(x), x′] ∪ [x′, x] ∪A(x, S), we obtain:

(1− α) · (x− x′) > η. (18)

Putting together Equations 15 and 18 we obtain:

α · a(x) + (1− α) · x′ < Φ(x′, a(x), S). (19)

However α · a(x) + (1 − α) · x′ = u(a(x), x′) and Φ(x′, a(x), S) ≤ φ(x′, S) (be-

cause φ(x′, S) is the expected utility when using an optimal threshold), therefore

u(a(x), x′) < φ(x, S) and therefore (by definition of a and monotonicity and con-

tinuousness of u) a(x) < a(x′). 3

Using the exact same proof (except for changes in the inequality starting at Equa-

tion 16), we obtain that if α > 0.5 then a(x) > a(x′). We also obtain that for α = 0.5,

a(x) = a(x′).

Theorem 3 provides a logical division of the equilibrium structure according to the

three different cases, which will be further discussed in the following subsections:

• 0.5 < α ≤ 1: where the lower type among the two agents in a match has a

greater impact, in which higher types set their threshold higher (assuming the

same group of agents accepting them).

• α = 0.5: where both types have equal effect on the agents’ utility, in which

agents with the same accepting group set their threshold identically.

• 0 < α < 0.5: where the higher type among the two agents in a match has a

3The same proof can also be used when x′ < a(x) < x (rather than a(x) ≤ x′) by replacing the term∫ x′

a(x)
f(y)dy · (1− α)(x− x′) +

∫ x

x′
(αy+ (1− α)x)f(y)dy−

∫ x

x′
(αx′ + (1− α)y)f(y)dy,

by ∫ x

a(x)
(αy + (1− α)x)f(y)dy −

∫ x

a(x)
(αx′ + (1− α)y)f(y)dy,

in Equation 13 and its sequels.
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greater impact, in which higher agent types set their threshold lower (assuming

the same group of agents accepting them).

The latter case, in which higher agent types set their threshold lower, is very in-

teresting and the equilibrium behavior may seem counter-intuitive. The following dis-

cussion may provide some intuition behind such behavior. When α = 0, as shown

above, agents with types above some x∗ set their threshold at 0, as it is not worth-

while for them to resume the search and pay the search cost again. Suppose we

slightly increase α. In this case, an agent of type 1 will still accept any other agent,

as the maximum difference in utility (i.e., the difference between forming a partner-

ship with an agent of type 0 and another agent of type 1) equals α, which may still

be less than the search cost. However, an agent of a lower type, x, (but still above

x∗), will have a greater difference between forming a partnership with an agent of

type 0 and forming a partnership with an agent of type 1 (this difference equals:

α ·x+ (1−α) ·1− (1−α) ·x = α+ (1−x)(1−2α) > α). In fact, an agent of type x

has two different ways of expecting to increase its utility by resuming the search. The

first is simply by finding a different agent with a higher type (though still lower than

itself). If this happens, the agent will increase its utility by the difference between these

two agent types multiplied by α. This opportunity for increasing its utility is shared

by all agents with high types. However, the second way an agent of type x can expect

to benefit from resuming the search is by finding an agent with a type higher than its

own. If this happens the agent’s utility will be increased by the difference between its

own type and the new agent’s type multiplied by (1−α) which is large. The lower the

agent’s type the higher its expectation from this second form of revenue. Therefore,

it is more likely to resume the search if it interacts with agents of lower types, which

implies having a higher threshold.

We further illustrate this behavior using the following toy example. Assume three

agent types 0, 12 , 1, and a uniform distribution over them. Assume α = 0.2 and c =

0.08. Table 2 depicts the utilities each of the agent types would receive when forming

a partnership with each of the other agent types, along with the agent types each agent

would accept in equilibrium and each agent type’s expected utility. It is most interesting

21



Agent Type Utility of partnership agent-type expected
if formed with accepting utility

1 0.5 0
1 1 0.9 0.8 {0.5,1} 0.83

0.5 0.9 0.5 0.4 1 0.66
0 0.8 0.4 0 {0,0.5,1} -0.24

Table 2: Toy example for α = 0.2 and c = 0.08, with agents of types in {0, 0.5, 1} only.

to note that agents of type 0.5 accept only agents of type 1 and not agents of type 0.5

while agents of type 1 accept both agents of type 1 and of type 0.5. If agents of type

0.5 were to accept both agents of type 1 and of type 0.5, their expected utility would

be reduced from 0.66 to 0.58.

7.1. 0.5 < α ≤ 1 (Greater Minimum Impact)

When the minimum type has a greater impact, we obtain assortative matching,

where the higher the agent’s type the higher its threshold, and all agents set their thresh-

old beneath their own type. See Figure 3 for an example where α = 0.8, uniform f(x)

and c = 0.02, c = 0.005 and c = 0.001. As discussed earlier in the paper, assortative

matching is common in distributed matching. The Section proves assortative matching

for 0.5 < α ≤ 1.

The following Lemma shows that the larger the set of agents accepting an agent of

a certain type, the higher the threshold that the agent will set. This lemma is true for

any monotonic u.

Lemma 3. Given two strategy profiles S and S′, withA(x, S′) ⊂ A(x, S), the optimal

strategy for an agent of type x satisfies: a(x, S′) ≤ a(x, S).

Proof. An agent of type x can reject any agent which is not in A(x, S′), therefore

φ(x, S′) ≤ φ(x, S), and consequently, based on Proposition 2, u(x, a(x, S′)) ≤ u(x, a(x, S)).

Now, due to the monotonicity of u, a(x, S′) ≤ a(x, S).

The intuitive interpretation of Lemma 3 is that the larger the set of agents accepting

an agent, the more “picky” that agent can be, and consequently the higher its reserva-

tion value.
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Figure 3: Simulation results for α = 0.8

Theorem 4. When 0.5 < α ≤ 1, in equilibrium, we obtain assortative matching, i.e.

the higher the agent’s type, the higher its threshold, and all agents set their threshold

beneath their own type.

Proof. From Theorem 3 and Lemma 3 we obtain that if α > 0.5, for every x′ < x, if

0 < a(x) < x then a(x′) < a(x), i.e., a(x) is monotonously increasing in x.

We now show that every agent sets its threshold beneath its own type, i.e, If α >

0.5, then a(x) < x for every x. Clearly, for every x,
∫
M(x,S)

f(x)dx > 0 (otherwise

the search will go on forever). Assume by contradiction that there exists x̃ such that

a(x̃) ≥ x̃ and let x′ be the maximum type such that a(x′) ≥ x′. For every x > x′

0 < a(x) < x, which according to the monotonicity of the thresholds which was

proved above, implies that a(x′) < a(x), implying x′ < a(x). Therefore, every agent

of type x > x′ rejects an agent of type x′, but x′ rejects any agent of types smaller than

its own, implying that
∫
M(x,S)

f(x)dx = 0, contradicting the above.

7.2. α = 0.5 (Equal Minimum and Maximum Impact)

In the case of α = 0.5, the utility is simply the average between the two agents

forming a partnership. This configuration is described in [8] where it is shown that, in
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Figure 4: Simulation results for α = 0.5

equilibrium, the entire domain is partitioned and partnerships are formed only within

these partitions (a structure termed “perfect segregation”). The larger the search cost

the less partitions are created. See Figure 4 for an example of the case where α =

0.5, uniform f(x) and the search cost is 0.02, 0.005 or 0.001. As can be seen in the

figure, the entire domain is divided into a number of partitions in which agents form

partnerships only with agents in their partition (see for example the segment [0.43,0.7]

in Figure 4, when c = 0.02—all agents with types in that segment set their threshold to

0.43). The higher the cost, the less partitions there are. As illustrated in the figure, when

c = 0.001 there are 15 such partitions, when c = 0.005 there are 7 such partitions, and

when c = 0.02 there are only 4 such partitions.

7.3. 0 < α < 0.5 (Greater Maximum Impact)

The case in which 0 < α < 0.5 is both the most challenging and interesting one.

In this section we will show that if 0 < α < 0.5, when following the threshold as a

function of the agent type from right to left (starting at x = 1):

1. The threshold increases until there is an agent that sets its threshold at its own

type (i.e. until the diagonal is reached).
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2. In any case where an agent sets its threshold above its own type (any point above

the diagonal) the threshold does not increase (as the type decreases).

3. If c is small enough but not zero, the threshold as a function of the agent type is

non-monotonic (for some f ).

To the best of our knowledge, this is the only equilibrium described in the literature

where, despite the utility function being monotonic, there exist types which set their

threshold above their own type, and that the threshold as a function of the agent type

has segments which increase as the type decreases. The following theorem proves these

three properties.

Theorem 5. Let x̂ = sup{x|x ≤ a(x)}. When 0 < α < 0.5 the following hold:

1. For any x, x′ such that x̂ < x′ < x we get that a(x) < a(x′).

2. For any x, x′ such that x′ < x and x < a(x) we get that a(x′) ≤ a(x).

3. For some c, f there exist x′′ < x′ < x such that a(x) < a(x′) and a(x′′) <

a(x′).

Proof. The first property is an immediate corollary of Theorem 3, since the group

of agents with the higher types who set their threshold beneath their own type are all

accepted by all of the other agents (i.e. A(·) = [0, 1]). Therefore the smaller the agent’s

type, the higher its threshold (Theorem 3).

We now address the second property. The following lemma claims that in equilib-

rium, when α < 0.5, if an agent sets its threshold above its own type, then any agent

with a value beneath its type will use the exact same threshold, if it is accepted by the

same group of agents.

Lemma 4. Given an equilibrium profile S, x and x′ < x if x ≤ a(x, S) andA(x, S) =

A(x′, S) then a(x′, S) = a(x, S).

Proof. Since x ≤ a(x, S):

φ(x, S) = α · x+ (1− α) · a(x, S) = α · x′ + α · (x− x′) + (1− α)a(x, S) (20)

On the other hand:
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φ(x, S) = Φ(x′, a(x, S), S)+

∫
M(x,S)

f(y)dyα(x− x′)∫
M(x,S)

f(y)dy
= Φ(x′, a(x, S), S)+α(x−x′)

(21)

This implies:

Φ(x′, a(x, S), S) = α · x′ + (1− α) · a(x, S) = u(x′, a(x, S)) (22)

and therefore a(x′, S) = a(x, S).

Lemma 4 enables proving the second property, i.e. if an agent sets its threshold

above its type, then any agent with a value beneath its type will not set its threshold

above the former agent’s threshold.

Lemma 5. Given x and x′ < x, if x ≤ a(x) then a(x′) ≤ a(x).

Proof. From Lemma 1, A(x′, S) ⊂ A(x, S), hence the proof is immediate using Lem-

mas 4 and 3.

For the third property we will first show that there exist c and f such that 0 <

a(1) < 1. For f we assume uniform distribution (though a similar proof can be used

for any distribution that gives some positive weight to any interval of types).

If c > 0 we get that a(1) < 1, otherwise, φ(1) = −∞. Let c = 0.01 · α, an agent

of type 1, will reject forming a partnership with an agent of type 0.1 (and receiving

only 0.1 · α + (1 − α)), as it has an 50% chance of interacting with an agent of type

0.5 or above next round and receiving 0.5 · α + (1 − α) − 0.1 · α, and if setting its

threshold above 0.1 it would be required to reject forming a partnership only 0.1 times

on average.

Set x = 1, x′′ = 0 and x′ = x̂. By property 1, we get that a(x) < a(x′). Also from

property 1, we know that for all agents y with types in (x̂, 1), a(y) > a(1), therefore,

(x̂, 1) 6∈ M(0). Hence, a(0) < x̂, otherwise φ(0) = −∞. Recall that (by definition)

x̂ ≤ a(x̂), therefore a(x′′) < a(x′).
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Figure 5: Simulation results for α = 0.2

Figure 5 gives some examples for α = 0.2, uniform f(x) and when the cost is 0.02,

0.005 or 0.001. For c = 0.02, note the segment (0.77, 1) in which a(x) is monotone

decreasing as the type increases.

Before concluding this section, we highlight an interesting property reflected from

Figure 5. In several cases there is a sudden drop in the threshold, resulting from a

small decrease in the type. When c = 0.02 this happens next to 0.54 (when c = 0.005

this happens next to 0.77, 0.54, 0.31 and 0.1). After the sudden drop, the threshold

resumes climbing until once again there is an agent that sets its threshold at its own

type. We provide a possible explanation for this phenomenon based on the example

analyzed in Figure 5 when the cost is 0.02. Consider for instance an agent with a type

of 0.54. Note that the threshold set by the agents with a type of 1 is slightly above 0.54.

Therefore, almost all agents with types greater than 0.54 reject partnerships with the

agent. Therefore its expected utility drops drastically and so does its threshold. Since

almost no agents with types above 0.54 accept it as a partner, all agents with types

slightly under 0.54 are accepted by nearly the same set of agents (A(·) = [0, 0.54]).

Therefore according to Theorem 3 the threshold resumes climbing until once again

there is an agent who sets its threshold at its own type.
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8. Discrete Case

The analysis presented in the former sections completely unfolds the structure of

the equilibrium in this new class of distributed matching. In addition, it facilitates the

calculation of the equilibrium through discretization of types (or whenever the types are

a priori inherently discretized). In this section we show how, based on the above anal-

ysis, the equilibrium thresholds of the different agents types can be calculated through

dynamic programing, using Algorithm 1.

Let X be a finite set of possible agent types. f(x) is the fraction of the agents

of type x. In this case, the expected outcome for agent x can be calculated using the

following equation (a discretization of Equation 8):

φ(x, S) =
(
− c+ α

( x∑
y=a(x)

yf(y) + (
∑

y∈M (x,S)

f(y) · x)
)
+

(1− α)
(
(

x∑
y=a(x)

f(y)) · x+
∑

y∈M (x,S)

yf(y)
))
· 1∑

y∈M(x,S) f(y)
(23)

Algorithm 1 Finding the threshold for all agents in the discrete case
Input: A finite set of all agent types X , α, search cost c and a density function f(x).
Output: An array which holds a(x), for every x.

Initialize array a of size |X| with 0’s
for each x ∈ X , in descending order do

Set A(x) = {y|a(y) < x}
Set a(x) = arg maxy{Φ(x, y,A(x))} {calculate Φ(x, y,A(x)) for every y using
Equation 23 and choose the maximizer}
Tie break using a[x] = arg miny{u(x, y)− φ(x)}

end for
return a.

The algorithm performs a single pass on all types. It finds the threshold for every

type based on the thresholds calculated for the greater types. Note that the order in

which the threshold array (a) is filled is crucial and must start with the agent with the

highest type going downwards, since every agent’s threshold depends on the thresholds

of all agents with greater types. Based on Theorem 1, the agent’s threshold does not

depend on agents of lower types, which implies the correctness of the algorithm.
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9. Mixed Maximum Minimum Utility Based Mechanism Design

The mixed maximum-minimum utility function is not only very common in real-

life situations, but may also be artificially imposed by a mechanism designer in order

to influence the behavior of a population in a way that better aligns with a desired one.

In this section we demonstrate the benefit which may be obtained by a mechanism

designer if she were to use a Mixed Maximum-Minimum Utility function (or more

specifically a maximum utility function, i.e. α = 0).

Assume a professor would like to provide an assignment to her class which must

be completed in groups of two and presented in class. As part of the presentation, each

student is asked questions, and the assignment’s grade is set based on the knowledge

reflected by the two. It is assumed that a student’s knowledge regarding the assign-

ment is fully correlated with her type (i.e., her “competence”), hence stronger stu-

dents will generally exhibit greater knowledge and will perform better individually.

While students aim to maximize their utility, which is a linear tradeoff of the time

spent searching for a partner and the grade they eventually receive, the professor may

be interested in maximizing a different measure. For example, the professor may be

interested in having the weaker students matched with the stronger ones to encourage

knowledge transfer between the two. In such case, setting the students’ grade based

on a maximum-minimum function of the type analyzed in this paper, rather than using

the traditional functions (e.g., grading each student according to the knowledge exhib-

ited individually or based on the average of the individual grades) may result in better

performance from the professor’s point of view.

Formally, we denote the assignment grade to student of type x if pairing with a

student of type y using u(x, y). The students are assumed to use distributed matching

to find their partner for the assignment, taking into consideration: (a) the function

u(x, y) set by the professor; (b) the search cost c (e.g., the cost of time communicating

with other students and reasoning about their type/competence), which is assumed to

be additive to the grade parameter; and (c) the distribution of types in the population of

students, which in our case is taken to be uniform ([0, 1]). The performance measure,

from the professor’s point of view, as discussed above, denoted `(x, y), is taken to
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be linearly proportionate to the expected distance between the weaker student and the

stronger student in the pair, i.e. `(x, y) = E[K ·|x−y|]. In the following paragraphs we

evaluate three common grading functions the professor may use, demonstrating that for

a large portion of the possible settings a function of the type analyzed in this paper is the

dominating one. The three functions are: (a) u(x, y) = x (each student obtains her own

grade); (b) u(x, y) = u(y, x) = x+y
2 (each student obtains the average grade); and (c)

u(x, y) = u(y, x) = max{x, y}. Obviously more sophisticated functions could have

been used, e.g., ones that correlate grade with the distance between the types of the

two students, however these do not necessarily guarantee the desired intuitive property

according to which a partnership between any two types x′ > x and y′ > y implies

u(x′, y′) > u(x, y), i.e., if both students in a pair are better than the students in another

pair then the first should get a higher grade.

We begin by analyzing u(x, y) = x. In this case, a student’s grade does not depend

on the grade of his partner, therefore every student will accept any other student and the

search will terminate after a single search iteration. The expected performance, from

the professor’s point of view, in this case is:

K ·
∫ 1

0

(∫ t

0

(t− t′)dt′ +
∫ 1

t

(t′ − t)dt′
)
dt =K · (1

2
· t− t2

2
+
t3

3
)
∣∣∣1
0

= K · 1

3
(24)

Next we analyze the case where u(x, y) = x+y
2 . This is the function analyzed

by Chade [8], in which perfect segregation is observed. When the density function is

uniform and c < 1
2 , the size of each cluster is

√
2c (where the last cluster is possibly of a

smaller size). Therefore, by computing the expected performance from the professor’s

point of view, in a manner similar to Equation 24, we obtain an upper bound of K · 13 ·√
2c (as the last cluster is equal to or smaller than

√
2c).

Finally we analyze the case where u(x, y) = max{x, y}.4 Recall, that in this

case, there exists some 0 < x∗ < 1, and all pairs contain at least one member with

4The maximum function is an instance of the min-max function when α = 0. Clearly when α > 0.5, the
expected performance will be very low since, as we have shown, α > 0.5 implies assortative matching and
thus the partnerships formed will be very close to each other. Intuitively it seems that using α = 0 yields the
best performance and we use it since α = 0 may be solved analytically.
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type greater than x∗. The smaller the search cost c, the larger x∗ (see section 6). The

expected performance, from the professor’s point of view, in this case is:

K · 1

1− x∗
·
∫ 1

x∗

(∫ t

0

(t− t′)dt′ +
∫ 1

t

(t′ − t)dt′
)
dt

=K · 1

1− x∗
· (1

2
· t− t2

2
+
t3

3
)
∣∣∣1
x∗

= K · 1

1− x∗
· (1

3
− 1

2
x∗ +

x∗2

2
− x∗3

3
)

(25)

When c = 3
8 , x∗ = 1

2 and 1
1−x∗ ·(

1
3 −

1
2x
∗+ x∗2

2 −
x∗3

3 ) = 1
3 . Equation 25 is monoton-

ically increasing in x∗ in (0.5, 1). Therefore, as long as the search cost is smaller than
3
8 (which is a very high search cost), the expected performance from the professor’s

point of view using u(x, y) = max{x, y} is greater than when using u(x, y) = x and

u(x, y) = x+y
2 . The lower the search cost, the higher x∗ and the better the expected

performance with u(x, y) = max{x, y}.

10. Conclusions and Future Work

The settings in which the output function for a pair forming a partnership is a linear

combination of the maximum and the minimum among the partners types are highly

applicable in real life. The analysis of the model introduces the unique properties of the

equilibrium in the setting considered. In particular it includes a proof that an agent that

sets its threshold below its own type is necessarily accepted by all agents with types

between that threshold and the agent’s type (Theorem 1). These properties substantially

simplify the calculation of the equilibrium strategies. While the structure of the agents’

strategies in equilibrium for the case of α ≥ 0.5 resembles those obtained by traditional

utility functions, the equilibrium for the case of α < 0.5 is substantially different from

related work. The acceptance threshold as a function of the agent type increases and

decreases alternately and, although the utility function is monotonic, some agents set

their threshold above their own type. We present an example in which the min-max

utility can actually be used as a mechanism design in order to imply certain behavior

on the partnerships formed.

In this work we assumed that when a partnership is formed, the two agents leave the

environment and are replaced with two new agents of the same type, and all the proofs
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in this paper rely on this assumption. Despite not being realistic, this “replenishment

assumption” appears in most literature that deals with two-sided search (e.g. [26, 8, 25,

5]), as it allows the type distribution to remain constant and not change over time. If we

relax this assumption, and assume that partnerships are not replaced at all5, our analysis

capabilities become very limited, as f(x) becomes ft(x) and there is no convergence

guarantee. However, while the general solution is too difficult to analyze, it does result

with a simple solution for the case in which α = 0 (maximum). In this case, clearly,

any agent with a type greater than 1 − c, will accept any partnership at the first round

(since the agent cannot reach a better result next round), and so will their partners.

Therefore, in the second round, there should remain no agents with types greater than

1− c. Knowing this, any agent with type greater than 1− 2c must also accept forming

a partnership at the first round, and so must their partners. By repeating this reasoning,

we conclude that all agents must accept their first partner, regardless of their types. In

[8] Chade analyzes the case of α = 0.5 (along with its equivalents). Chade argues, that

when the “replenishment assumption” is relaxed, while multiple equilibria arise, they

all should exhibit the perfect segregation property.

We see great importance in future research that will combine bargaining as part of

the interaction process. We believe such research can result in many rich variants of

our distributed matching model. Another interesting variant of our model, which will

bring it closer to reality, may assume that the agents have some prior knowledge on

other agents and that the pairing and interaction between the agents is not completely

random. For this variant the search may be composed of two phases, in the first step

(which may be analogous to going to a bar) the agents are randomly paired with a pool

of k other agents, and obtain some noisy observation of their types (see [9] for a noisy

observation model). In the second phase (which may be analogous to offering a drink),

the agents may decide whether they would like to approach any of these agents in order

to reveal their true type (with an additional search cost paid solely by the approaching

5A different approach to relaxing this assumption was taken by [6] in which, the authors assume that there
is a steady stream of incoming agents with a specific distribution over their types which is a-priori known to
all agents. However, a steady state requires that the flow of incoming agents equals the flow of partnerships
formed.
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agent), or resume the search.
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